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HARMONIC ANALYSIS AND ULTRACONTRACTIVITY

MICHAEL COWLING AND STEFANO MEDA

ABSTRACT. Let (T;);5¢ be a symmetric contraction semigroup on the spaces
LP(M) (1 <p < ), and let the functions ¢ and y be “regularly related”.
We show that (T;),5¢ is ¢-ultracontractive, i.e., that (T;),5( satisfies the condi-
tion ||T;f|loo < Co(t)~"|f]l; forall £ in L!(M) andall ¢t in R*,if and only
if the infinitesimal generator £ has Sobolev embedding properties, namely,
lw(&)~2fllg < C||fllp forall f in LP(M), whenever 1 < p < g < oo and
a=1/p — 1/q. We establish some new spectral multiplier theorems and max-
imal function estimates. In particular, we give sufficient conditions on m for
m(¥) to map LP(M) to LI(M), and for the example where there exists u
in R* such that ¢(¢) = t# for all ¢ in R*, we give conditions which ensure
that the maximal function sup,,q|t*7;f(+)| is bounded.

Let & be a positive, possibly unbounded, but with dense domain, cperator
on L?*(M), where M is a o-finite measure space. Let {P;} be the spectral
resolution of the identity for which

gf= / 1dP.f Vf € Dom().
0
For every positive real number ¢, we define the operator T; by the rule

T,f=/oooe’”dPlf Vf e L3 (M).

We assume throughout that each 7; has the contraction property
ITAlp < Wfllp Vf € LA(M) N LP (M)

whenever 1 < p < oo. We also assume for convenience that the spectral projec-
tion Py is trivial on LP(M) whenever 1 < p < oo. The theory can readily be
modified to take into account the possibility that P, is nontrivial, but the state-
ments become more complicated; we find the extra generality does not merit
the extra complexity. A semigroup (7;),~¢ with the above properties will be
called a symmetric contraction semigroup.

A symmetric contraction semigroup (7;);5o for which 7; maps L!(M) into
L>(M) for every positive ¢ is said to be ultracontractive. The notion of ul-
tracontractivity appeared compatively recently in work of E. B. Davies [4] and
Davies and B. Simon [6], in connection with logarithmic Sobolev inequalities
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(see also L. Gross [7]). N. T. Varopoulos [16] developed a Hardy-Littlewood
theory for semigroups. In particular he proved, under stronger assumptions
on the semigroup (7;);»o and on the underlying measure space M, that an
estimate of the form

(0.1) IT:flloo < AL7#||fl1 VE€RT,Vf e LY(M)

for some p greater than 1 is equivalent to the boundedness of the “Riesz po-
tential operator” £~!/2 from L*(M) to LY(M), where 1/2—1/q =1/(2u).
Varopoulos proved the hard part of this result (namely, that the boundedness of
Z-1/2 implies ultracontractivity) using an extension to the abstract semigroup
setting of the iterative process of J. Moser [10, 11] for parabolic equations.
Davies [5, Theorem 2.4.2] gave a different proof which relies on the relationship
between logarithmic Sobolev inequalities and ultracontractivity. Other simpli-
fications have been discovered by E. A. Carlen, S. Kusuoka, and D. W. Stroock
[1], who related ultracontractivity to Nash inequalities, and by T. Coulhon [2],
who also formulated versions of the equivalences for the case when

IT:flloo < Cot™IIflh V€ (0,1],Vf € L'(M),

and
1T flloo < Crt™|IfI1 VEEL, 00),Vf € LY(M),

where 1 and v are positive.
By the closed graph theorem, every ultracontractive semigroup satisfies an
estimate of the form

(0.2) IT:fllo < A(6)~"IIf1 Ve ER*, VS e LY(M),

for some increasing function ¢: R* — R*, and A equal to 1. For a fixed
function ¢, the semigroups which satisfy (0.2) (for any 4 in R*) will be
called ¢-ultracontractive. Note that multiplying the measure on the underlying
measure space by a constant factor amounts to varying A ; the definition of
¢-ultracontractivity is thus independent of such a change of measure. Davies’
work [5] concerns these general semigroups. It is interesting to speculate how
such more general ultracontractive estimates may be related to inequalities of
Sobolev type. Examples such as heat diffusions on hyperbolic spaces suggest
that exponential growth of ¢ is related to “spectral gap” phenomena, and rather
different sorts of results are to be expected from those in the classic example of
heat diffusion in Euclidean space, when ¢ grows polynomially.

In this paper, we present a version of the equivalence of various Sobolev
immersions and ultracontractivity, under hypotheses which include the polyno-
mial growth of ¢, which clarifies the underlying function theory. Our results
are more general than those of the authors mentioned above; in particular, we
can deal with more general ¢ than the previous workers (except Davies, and
our proofs are simpler than his, as we do not require that 7, preserve positivity
forall ¢ in R*, nor do we use logarithmic Sobolev inequalities), and we include
in our equivalences a weak-type Sobolev embedding which has apparently not
been noted before.

Let m be a complex-valued, Borel measurable function on R* U {0}, and
take ¢ in R*. The “multiplier operator” m(t¥) is then defined on L2(M) by
the rule m(t)f = [;° m(tA)dP,f, whenever f is in the appropriate domain.
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In particular, we denote the operator m(1%) by m(&). We develop a func-
tional calculus for infinitesimal generators of symmetric contraction semigroups
satisfying (0.2). We prove that under suitable conditions of “Hormander type”
on the function m, the operator m(¥%) is bounded from L?(M) to LI(M),
when 1 < p < g < o0o. (More precisely, m(%) maps L?(M)NDom(m(Z)) into
LI(M), and extends uniquely to a continuous map from L?(M) to LI(M).)
We complement and develop the theory of E. M. Stein [13], Cowling [3] and
Meda [9], who examined the case where p =gq.

For any nonnegative a we may define, at least formally, the maximal oper-
ator m, (%) associated to the family (m(tZ)),5¢ by the formula

M. (&) f = stgglt“m(t?)fl-

In the case where m(A) = exp(—4), we write T, , instead of m. o(¥). One
of the main results of this paper is that, for a symmetric contraction semigroup
satisfying condition (0.1) above, the maximal operator 7. , is of weak type
(1,r),when 1<r<ocand 1-1/r=a/u.

We shall present our results in four sections. In the first, we consider ul-
tracontractivity, and relate this to estimates for the resolvent of £ . We show
that, when ¢ and y are “regularly related”, an estimate of the form (0.2) is
equivalent to one of the form

ITifllq < A¢()~*IIfll, VteR*,VfeL\(M),

for some or all p, g, and o suchthat 1 <p<g<o and a=1/p-1/q,
and is also equivalent to ones of the form

Iy (@)~ fllg < Bllfl, VS € LP(M)
or
lw(&)™*fllg.0 < Bllfll, VS € L(M),

for some or all p, g,and a suchthat l<p<g<oo and a=1/p-1/gq.
In §2, we examine multiplier results for ¢-ultracontractive semigroups. With
the additional hypothesis (often verified) that there is a positive number ¢ such
that
1€ fllp < Cp(1+ [u))!2= 2| fll, VueR,VfeL’(M),

we prove Hormander-like multiplier theorems: if ¢ and y are regularly related,
and m: R* — C satisfies the hypothesis that

|Ak(@/82)km(A)| < Cy(A)™® VieR*,Vke{0,1,...,x}

where x is an integer no less than /2 + 1, then m(¥) is of weak type (1, r)
and of strong type (p, q),when 1 <r<oo, l<p<g<ooand a=1-1/r=
1/p — 1/q. These results generalize work of the second-named author [9], who
proved Hérmander-type theorems for symmetric contraction semigroups.

In §3, we establish various results about maximal functions. In particular,
we show that for u-ultracontractive semigroups, T. o is of weak type (1, r)
when 1 <r<oo and 1-1/r=qa/u,ie.,

sup |t*T, f(+)]
>0

<Clflh VfeLY(M).
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Further, T, , is of strong type (p,q) when | <p<g<oo and 1/p—-1/q=
alu.

In §4, we consider generalizations of the preceding results. There are inter-
esting semigroups for which the appropriate ultracontractivity estimate is the
following:

ITiflloo < AC#||fly VL€ (0, 1],Vf € LY(M).

We give versions of our results for these semigroups.

A little notation might be in order. The usual Lebesgue and Lorentz spaces
on the measure space M are denoted L?(M) and L?'9(M) respectively. A
convenient reference for these is the book by Stein and G. Weiss [14]. The
norm of a bounded linear operator 7 on one of these spaces will be denoted by
IIT|||, orby |||T]||p,q respectively. An operator which is bounded from L?(M)
to LY(M) or from LP(M) to L9-°°(M) is said to be of strong type (p, q)
or of weak type (p, q) respectively. The corresponding norms are denoted by
T lp;q and |||T|||p;q,0 - We denote the sector {z € C: |arg(z)| < w} by Iy,
the halfplane I';/, by I', and the space of bounded holomorphic functions on
the domain Q by H>(Q). Constants will be denoted with the letters 4, B,
and C, sometimes with subscripts. The same symbol may be used to denote
different constants.

We conclude our introduction by recalling one of the principal results of
Cowling [3]. Let (7T;);»0 be a symmetric contraction semigroup on a o-finite
measure space M , with generator &, and suppose that 1 < p < 0. If w >
n|1/p—1/2|, and m extendstoa H>(I',)-function, denoted m,,, then m(%)
is of strong type (p, p), and

(0.3) Mm@y < G, wllMaolloo-

By applying the real interpolation method, we may easily deduce that m(Z%) is
also bounded on L?-°°(M) whenever g lies between 2 and p, and that

(0.4) lm(E)llg, 00 < €7 wllMolloo-

In particular it follows that for every real number u the operator £ is
bounded on LP(M) and on LP-*°(M) whenever 1 < p < oo, and that for
all positive J,

™ Ill, < Cp s exp((nl1/p — 1/2|+ O)ul) Vu€eR,

and

& lp, 00 < Cp sexp((n|1/p = 1/2| +)|u|) VYueR.
This is an easy improvement of a result of Stein [13, Corollary 4, p. 121].

This paper was begun while the first author was visiting the Universita di
Trento, and completed while the second author was visiting the University of
New South Wales. Both authors wish to express their gratitude to the host
institutions for their kind hospitality. The referee of the first version of this
paper brought some recent papers to our attention and thereby stimlated some
improvements; we thank him or her for these references.

1. ULTRACONTRACTIVITY AND RESOLVENT ESTIMATES

A pair of functions ¢: R* — R* and yw: I — C will be called “regularly
related” if
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(a) ¢ is increasing, continuous, and surjective;
(b) there exists a constant Cy such that

$(21) < Cyplt) Vi €RF;

(c) forall 6 in R*, there exists a constant D, 4 such that

N

/t ¢<S)0ds < D¢,o¢(l)0 vVt € R*
0

and
oo —pds -6 +
é(s) 'y < Dy ¢9(2) Vte R,
t
(d) w is holomorphic in I', and y(Z) = y(z) forall z in T';
(e) forall w in (0, n/2), there exists a constant C, , such that

inf{|y(z)|]: z € SR} > Cy,0sup{|¥(z)|: z€ Sk, 0}, VRER*

where Sr » = {z €C: R<Re(z) < 2R, |arg(z)| < w};

(f) forall 8 in R*, there exists a real-valued measurable function ¢, , equiv-
alent to @Y in the sense that the function ¢ — |@(¢)?/¢g(¢)| is bounded and
bounded away from 0 in R*, with the property that, if

vo(z) = / #9402 vzer,
0

then y, is equivalent to y~? in the sense that the function z — |w(z)wy(z)|
1s bounded and bounded away from O in any proper subcone I',, of IT".

One obvious example of a pair of regularly related functions is when ¢(t) = t#
and y(z) = z# for some positive u; in this case ¢y may be taken to be ¢?.
The key to understanding this example is the integral formula

/ t"ﬂe-z'% —T(6u)z=% VzeT.
0

Less trivial examples are given in the following lemma.

Lemma 1.1. (a) Suppose that u,v € R*, that ¢(t) = t“(1 +t)** forall t in
R*, and that y(z) =z"(1+ z)*7" forall z in T. Then (¢, y) is a regularly
related pair.

(b) Suppose that u,v € R, that ¢(t) = t*log(2 +t)” forall t in R*, and
that y(z) = z#log(2 + 1/z)™" for all z in T'. Then (¢, v) is a regularly
related pair.

Proof. To prove (a), one first verifies that ¢ and y satisfy conditions (a) to
(e); this is routine. The function ¢4 in (f) is given by the formula

t
do(t) = ! / st —5)0W)~lexp(s — t)ds VteR*,
0

I(6(n - v))I'(6v)

which is a well-defined integral when u > v and is interpreted by analytic
continuation for other values of x. Indeed, when u > v, by changing variables
(putting s = ¢(1 — 7)) and writing the exponential as a series, we see that, for
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any ¢ in Rt
teu 1
%) = Fot vy en) /0
> I'@(u—-v)+n)
=D (=)

0u--1(] — ny0v—lexp(—t1)dT

T(O(u - V)T (Ou + n)n!”’

which continues analytically in u into the whole complex plane; further, for
small ¢, ¢g(t) behaves like *¢ . Moreover, by changing variables again (putting
o = t1), we see that

o t g\ ov-1 =
¢0(t)=r(0(/t—u))r'(eu)/(, (1—7) exp(—a)a®#—11 4g.

If ¢t > 1, we may write the integral as a sum of an integral between 0 and 1
and one between 1 and ¢. The first of these (with the term 7%) expands as a
convergent series of the form 3", a,t’%="  in which ag > 0, while Lebesgue’s
dominated convergence theorem shows that the second integral (without the
term /%) tends to [ exp(—0)o®*#~")~1dg. Consequently, ¢, is equivalent
to ¢?. By using the properties of the Laplace transform, it is easy to show that
we = w~?, concluding the proof of (a).

To prove (b), it again suffices to consider the last condition only, as the
others hold trivially. The function ¢ is taken to be ¢+ %% log(K + )%, for
a sufficiently large value of K (whose size will be explained later). Then, if r
isin R* and w isin (-n/2, n/2),

t//g(re""")=/0 e~ 1P 1og(K + 1)% dt

oo
- e—zwﬂu/ et fu—1 log(K + te—tw)Gu dt,
0
by a contour integration argument, and so

oo
el yy(re'?) = / e "1 log(K + te='@)% dt.
0

If K is so large that log(K + te~'?) has argument of absolute value less than
n/6(1+|0v]|), forall ¢ in R*, then the argument of the integrand lies sufficiently
close to 0 that the real part of the integrand is always positive and at least one
half of the absolute value. Then it follows that

/ e "t% 1 Re(log(K + te™*)%) dt
0
= Re(e™%  yy(re')) < |wg(re™®)|

oo
S/ e %1 log(K + te~'?)% | dt
0

<2 / =%~ Re(log(K + te~")?) dt,
0

ie., that wy(re’®) is comparable to [;°e~"'1%~!|log(K + te='*)®|dt, which
in turn is easily seen to be comparable to [ e~"t%~!log(K +¢)®” dt and then
to y(rei®)=9, as required. O
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It might well be possible, and worthwhile, to find simpler function theoretic
criteria for describing such pairs.
Here is our first main theorem.

Theorem 1.2. Let ¢ and y be a pair of regularly related functions, and let
(T))i>0 be a symmetric contraction semigroup. The following conditions are
equivalent:

(a) 1T flloo < A MIfI VEERY,Vf € LY(M);
(b) forall p,q and a such that 1 <p<qg<oo,and a=1/p-1/q,
ITifllg < A¢@) /N, VeeR",VfeL\(M);
(c) there exist p,q and « suchthat 1<p<q<oo, a=1/p—1/q, and
ITifllq < A0~ N, VI ERT,VfeLP(M);
(d) for all r and o such that 1 <r<oo,and a=1-1/r,
lw(&) ™ fllro0 < GllfI VS € LY(M);
(e)forall p,q and o suchthat 1 <p<q<oo,and a=1/p-1/q,
IW(&)™ e < Coqllfll, VS € LP(M);
(f) there exist p, q and o suchthat 1 <p<qg<oo, a=1/p-1/q, and
lw(E)~*fllg < Cllfll, VS € LP(M);
(g) there exist p,q and o suchthat 1 <p<qg<oo, a=1/p-1/q, and
W (&)™ fllg,0 < Cllfll, VS € L7(M).

Remark. Note that we are assuming in (a) that A@(¢)~! > |||T;|||;.0 for all ¢
in R*, but not that equality holds. Similar comments apply about (b) and (c).

Proof. By interpolating between the estimates
IT.fll- < Ifll- YteR*,VfeL(M)

and
1T flloo < ¢TSIy VEeRY,Vf e L' (M),

using the complex interpolation method, it is easy to show that (a) implies
(b). Similarly, by using the real interpolation method between (d) and its dual
estimate, namely

IW(&) ™ floo < Cllfllv1 Y eL (M),

it can be shown that (d) implies (e), and that the constant in (e¢) depends linearly
on that in (d). Trivially, (b) implies (c), (e¢) implies (f), and (f) implies (g). We
shall complete our proof by showing that (c) implies (a), (a) implies (d), and
(g) implies (c). These three implications will be entitled Lemma 1.3, Lemma
1.4 and Lemma 1.5 respectively. Lemma 1.3 is a generalization of a result of
T. Coulhon [2].
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Lemma 1.3. Suppose that (T;),~o is a symmetric contraction semigroup satisfy-
ing the condition
ITefllg < 6()~ I fll, VteR",VfeLP(M),
for some p, q, and « satisfying 1 <p<q<oo,and a=1/p—1/q. Then
ITifloo < Cp,qd(®)'IIflh VI E€RY,VfeL(M).
Proof. Suppose that 1 < p < g < 0o, and that
ITefllg < d@)"Nfll, VS €LP(M),VteR.
For T in R* and f in LY(M)NL4(M), denote by K(T, f) the real number
)| TS g
sup ——————4,
oxer 171
Define 6 in [0, 1] by the condition 1/p = 6/1 + (1 — 8)/q, from which it
follows that a = 1/p — 1/qg = 6/q’ . By Holder’s inequality,
ITefllp < NTANNTA N8 < MTANENAGNT A8,
soif 0<t<T,
1T2efllg < SO~ Tef Nl
<o NTMNANTA115™°
< @O NTAENAO N ALK (T, )
= ()" NTNTKT, NN

whence
K(Ta f) _<_ K(2T, f) = sup ¢(2t)1/t] ”TZIf”q
0<t<T ”f"l
M] 1/q' . o
Soil;lfr[qb(t) NTANTK(T, £)~7,
and so

24)71 /(62 /
KT, /) < sup. [%} T < ¢/

The right-hand side of this last expression is independent of f in L!(M) N
Li(M) and T in R*, so it follows that

1Al < €}/ Cio()~ 4 |Ifli Ve L'(M), vt € R

Since also
IT:fll < Cillflli VfeLY(M),vteRF

by definition, we obtain by interpolation the estimate that
IT A1y < C=0/CDCig(0)=0-04e' | fll; ¥f e L'(M), vt €R".

Moreover, by duality, we observe that 7 maps L7 (M) to L?' (M), whence
by the same argument, 7; maps L!'(M) to L?' (M), and again by duality T,
maps L?(M) to L>*(M); the corresponding estimate is

IT:f o < C}/ P Coop() 71| f1l, V € LP(M),Vt € R,
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Combining the last two estimates, we find that
1 T30S lloo < €/ Coc() I T, Sl
< Cl/(0p)+<1 -6)/ (Gq)C Cw ¢(t)—(1—0)/q'—l/p”f”l
= c‘/"cl Cood()7'IIf I VS €L (M), V1 €RY,

whence

171 < €21 Co [ 2T 0111

<C‘+‘/"c1 Cood()™ Sl Vf €LY (M), VteR",
1.€.,

1T flloo < C3HO-1P=UDC Cog(t) I fIli VS € L' (M), ¥t € RY.

Another duality argument shows this inequality also holds if C ;f“_l/ o/(1/p=1/a)

1+(1/p)/(1/p—1/q)

is replaced by C , so we deduce that

1T flo < CH@) I fIl1 VS € L'(M),VteRT,

where . :
C - Cdl’+m1n{l/P» l/q }/(]/p—l/q)C] COO ,

as claimed. O

Lemma 1.4 is an extension of a technique of Davies [5], used in the proof of
Theorem 2.4.2. Presumably this technique may also be combined with that of
the proof of the Marcinkiewicz interpolation theorem (breaking up f into two
parts) to prove directly a strong type result.

Lemma 1.4. Suppose that (T;);»o is a semigroup satisfying the conditions
1T, < Cllfll, Vi€RT,VfeLP(M)

and
IT:fllg < CoH(O~IIfl, VeeR*,VfeLl(M),

where a = 1/p—1/q. Thenif p<r<gq and B=1/p—1/r, w(&)# isof
weak type (p,r), and

1W(E&) 7 fllr,00 < Cpq. I fllp VS € LP(M).
Proof. First, observe that ¥ vanishes at most polynomially at 0. Indeed, the
doubling condition (b) on ¢ implies that ¢ grows at most polynomially at
infinity, and

dt

W< CluplsC [ eHawl veere.

Therefore, if f isin LP(M)N L*(M) and k is large enough, (I — T,)Xf lies
in Dom(w(%)~#) for all ¢ in R*. Also, as ¢ tends to oo, (I — T,)kf tends
to f, so that L?(M) N Dom(y(Z)~#) is dense in LP(M).

Take f in LP(M) N Dom(y(¥)"#) and 4 in R*. We need to estimate
the L °(M)-norm of w(%)~#f. In view of the general multiplier theorem
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(formula (0.4)), it will suffice to estimate the L °°(M)-norm of w(¥)f; ie.,
we need to control the measure of the set {x € M: |yp(Z)f(x)| > A}. To do
this, take s in R*, to be speaﬁed later. By spectral theory,

wp(¥)f = /¢ﬂ Tz /4’/3 th— /¢ﬂ Tz

—Bﬁ,$f+Dﬂ,Sf9
say. Clearly

1Be..1p < [ ¢O1Tef 1,5
< [[s0P 11,5 < CoPis,

while
1D fllg < / spOIT NN < € / S0,
< CH)P~2(11)-

Now
(x € M: @00 > Ay € {x € M2 18y o f00 > 5}
u {x € M: |Dg (f(x)| > %} )
and so, if s is chosen so that @(s) = (|| f||,/A)4~P)/(Bp=Ba+aq)
B s p D s q
0x e @)1 > 2y < (122l )y (1220 )
2Co6)A 1A 1o\ (2C ()22l Np \*
(e (s

f

as required. O

Lemma 1.5. Suppose that (T;);~¢ is a symmetric contraction semigroup and that

lw (&)™ fllg,00 < Cllfll, Yf€LP(M)
for some p, q and a satisfying 1 <p<qg<oo,and a=1/p—1/qg< 1. Then
ifp<r<qand p=1/p-1/r,

ITifllr < Ap.q.rd(0) Pl fll, VteRT,VSfeL(M).
Proof. We suppose that p > 1. By spectral theory, we may write (for f in
LP(M)N L} (M),

T.f = (&) lw(¥)e 1S ;
by the result of Cowling [3] described in the introduction and the hypothesis of
the lemma,

ITefNlg.0 < Cllw(®)e™ fll, < C sup lw(2)%e ™[ 1/1p,
z€l g
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for some w between 0 and n/2. The hypothesis that the pair (¢, y) be
regular implies that

sup |y (z)% ™| < C sup |y(z)% "],
2€l, ZER*

so if we can establish that
(1.1) lw(z)*e | < ¢(1)™™ VteR',VzeRY,
then it will follow that ||T,f|l;, 00 < Cé(2)~°| fll, forall f in LP(M) and all

t in R*. Real interpolation with the estimate ||7;f]|, < || f]l, will then show
thatif p<r<gqgand f=1/p-1/r,

ITeflr < Ap.q. 8PS, VEER',VSf €L (M),

as required.
To establish (1.1), recall that y,(z fo e S@o(t)s~'ds for all z in Rt
whence

> C / e~ () —>c -”¢<s>

Ce™™¢(t/2)* é > Ce #¢(t)* VteR* VzeR*,

2 S

by properties of regularly related functions, and the desired inequality follows.

If p=1,then 1< q<oo;wewrite T,f = [y(Z)%e ¥]y(Z)~*f, and ob-

serve that w (%)~ f liesin L9-°°(M), on which space y(&)%e~*¥ acts bound-
edly. A simple modification of the proof above will treat this case. O

This finishes the proof of Theorem 1.2. O

It is interesting to compare Theorem 1.2 with Theorem 2.2 of L. Hormander
[8]. Both theorems assert that if certain operators are of strong type (p, q) (or
of weak type (p, q)) for certain values of p and g, then they are automatically
of strong type (p, q) for a range of p’s and ¢’s, and of weak type (1, r) at
the end of the range of these p’s and g’s.

We now present some consequences of Theorem 1.2.

Corollary 1.5. Suppose that (e~ )5 is a symmetric contraction semigroup, and
that (¢, w) is a regularly related pair. If 6 isin (0, 1), and ¢ = ¢$'/9, then the

subordinated semigroup (e='%"),5o is ¢-ultracontractive if and only if (€750
is ¢-ultracontractive. '

Proof. This is an immediate consequence of Theorem 1.2. For details of sub-
ordination, see, e.g., the book of K. Yosida [17]. O

It is not clear whether this result is true for general ultracontractive semi-
groups.

We shall not state our other corollary formally, but merely remark that for
semigroups which satisfy estimates of the form

ITeflloo < Cot ™| fIlh V2 € (0, 11,Vf € L'(M)

and

ITefllo < Cit™"|Ifli VEE(L, ), ¥f € L' (M),
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where u and v are positive, we obtain results very similar to those of Coulhon
[2], by applying Theorem 1.2 in the particular case where (¢, y) is the pair of
Lemma 1.1(a). Interesting examples of such semigroups were recently found by
L. Saloff-Coste [12].

2. ULTRACONTRACTIVITY AND “MULTIPLIER OPERATORS”

Here again, & is the generator of a ¢-ultracontractive symmetric contrac-
tion semigroup (7;);>0, and (¢, y) is a pair of regularly related functions, as
defined in §1. Our concern is to find conditions on the function m in order that
the operator m(%) extends to a bounded operator from L?(M) to LI(M) for
suitable p and ¢ . The case where p = ¢ (in which m is taken to be bounded)
has already been treated. The first general result in this direction was obtained
by Stein [13, Corollary 3, p. 121] and then refined and generalized by the first-
named author [3, Theorem 3]. Our treatment here is based on the techniques
employed in the second-named author’s paper [9]. In particular, our first result,
Theorem 2.1, is from [9], though the proof we give here is a little different.

Given a positive integer N, we denote by my(¢, A) the function defined by
the rule

my(t, A) = (tA)Ne *?m(2) vteR*,VieR*,
and by .#;my the Mellin 7-transform of my with respect to the second vari-
able, i.e.,

[#mp1(t, u) = / A mp(t, l)a;—l VteR",VueR.
0
In particular, we write .#my for the Mellin transform of my , thus:
[#mpy)(t, u) = / (t,l)Ne"’l/zm(,l)}f‘"‘a;—'1 vte RY, Vu e R.
0

Theorem 2.1. Suppose that m is a Borel-measurable function on R* such that
for some positive integer N,

2.1) [ supltamalie, wlF ), du < .
Then m(%) is bounded on LP(M). Similarly, if
(22) [ sup Lm0 1171l oo dt < o0,

then m(%) is bounded on LP->°(M).

Proof. Define functions ¢: R — R and a,: Rt — R (where u is in R)
by the formulae c(u) = sup,q|[#mn](¢, u)|, for all u in R, and a,(f) =
[#my])(t, u)/c(u), for all ¢ in R, so that ||a,|lc < 1. Now

mi) = 1 dt

T+ / (e m) 7

dt
TN L1 iu —12%t
= 21 N+1) / / [ my)(t, wA™ dutie™*? =

[/{mN]t ), _apdl iu
2n1“N+ / / —"tle ; c(u)A* du

dt ;
- t1A/2 iu
3 F(N 1)/ /0 au(t)t)'e _t c(u)). du,
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provided the change of order of integration is justified. For any 4 in R*,

/ / tle"‘/zl |(u)/1i“|du
<z/ |du<2/ W1l du < oo,

so the interchange is legitimate. Note that A4,: 4 — [;° a,(t)tAe="*/2dt/t is of
Laplace transform type. In particular, it extends to a holomorphic function in
the right half-plane, and for A in I/,

= | oo

</ ,|,1|e—(tu|sine)/2ﬂ -2
~ t sing
Consequently |||4,(Z)]||, < C, forall u in R, by (0.3), so that if (2.1) holds,

/ ALE @) Il du < .

—00

Since u — a,(4) and u — A'* are continuous functions for each A in R*,
u— a,(%) and u — ' are strong operator topology continuous functions,
and we may write m(Z) as a convergent integral of operators

_..__l = iu
= TN /_ ~ A (Z)c()&™ du.

The variation of the proof needed to treat the L?-°°(M) case is trivial. O

m(&)

We now look for easily verifiable conditions on m which ensure that (2.1)
or (2.2) holds.

Corollary 2.2. Supposethat A and § arein R*, and that |||Z%|||, < Cexp(d|u)
forall u in R. If m extends to a bounded holomorphic function m,, in Ty,
where w > &, then m(%) extends to a bounded operator on LP(M), and
lm(E)lp < Co,sA4llMs o -

Proof. This follows from Theorem 2.1 and the Paley-Wiener theorem for Mellin
transforms. O

Suppose that y is a positive integer and that o is in Rt. We say that m
satisfies a Hormander condition of order (a, y) if there exists C such that

2R . di
sup c//(R)"‘/ AmVQ)=<C Vje{0,1,..., x}.
R>0 R A

The smallest constant C for which this inequality holds is called the Hormander
(a, x)-constant of m . Similar conditions were introduced in Hormander [8].
Note that our condition implies that sup;.,|w(4)*m(4)| < 2C.

Corollary 2.3. Suppose that m satisfies a Hormander condition of order (0, ),
with Hormander (0, x)-constant B. Fix p in (1, ), and A and t in R*.
If I1€%||l, < A(1 + |u|)® for all u in R, and x > t+ 1, then m(%) ex-
tends to a bounded operator on LF(M), and |||m(Z)|||, < C:AB. Similarly, if




746 MICHAEL COWLING AND STEFANO MEDA

NE™|p.co < AL +|u|)* forall u in R, and x > 1+ 1, then m(%) extends

to a bounded operator on L?->°(M), and |||m(Z)|||p.cc < CiAB.

Proof. The strong type result was proved by Meda [9, Theorem 4], by showing
that the hypotheses of Theorem 2.1 are satisfied. The other result is similar. 0O

Now we prove our results for the case where p < ¢q. To state these, it
is convenient to have more notation. Given p and g satisfying the condi-
tion that 1 < p < g < oo, we define d([p, q], 2) by the rule d([p, q], 2) =
min,epp,q1/r = 1/2].

Corollary 2.4. Assume that m extends to an analytic function in the cone T'y, and
that supcr, |w(A)*m()| < oo for some a in (0, 1). Then m(¥) extends to
a bounded operator from LP(M) to Li(M), provided that d([p, q], 2) < /=
and o = 1/q — 1/p, and to an operator of weak type (1,r) if 1 <r < oo,
d([1,r,2)<w/n and a=1-1]r.

Proof. We consider first the strong type result. Choose r in [p, g] such that
|[1/r—1/2|=d([p, q], 2),and define B tobe 1/p—1/r and y tobe 1/r—1/q.
Then m(A) = w(A)"[w(A)*m(A)]w(A)~# Vi € R*, so on the appropriate
domain, m(¥) = y (&) "[w(£)*m(Z)]w(¥)~# ; the first factor (w(¥)~#) is
bounded from LP(M) to L'(M), the second ([w(&)*m(Z)]) is bounded on
L"(M), by Corollary 2.2, and the third (y(Z)~?) is bounded from L"(M) to
Li(M), as required. The weak type case is similar. O

For the rest of this section, we assume that there exists a positive real number
o such that

NE™ I, < Cp(1 + Jul)?/P=1/21 wy e R

and
1IE ™ llp.o0 < Cp(1 + Ju))?/P=12 vy R,

whenever 1 < p < co. This condition is fulfilled in many concrete cases such
as nilpotent Lie groups (where & is any sublaplacean) and compact manifolds
(where & is any elliptic positive selfadjoint operator).

Corollary 2.5. Suppose that m satisfies a Hormander condition of order (o, x)
where 0 < a < 1 and x is an integer no less than /2 + 1. Then m(%)
extends to a bounded operator from LP(M) to LI(M) if 1 <p <q < oo and
a = 1/p—1/q, and to an operator of weak type (1,r), if 1 <r < oo and
a=1-1/r.

Proof. This proof is a straightforward modification of that of Corollary 2.4,
using Corollary 2.3 rather than Corollary 2.2 to bound the “middle factor”.
It is perhaps worth noting explicitly that the analyticity of y implies that its
derivatives can be controlled—using Cauchy’s integral formula for holomorphic
functions, one sees that [1/8/y(1)/84/| is of comparable size to w(A), for any
positive integer j. O

Corollary 2.6. Suppose that m satisfies the condition

sup |w(A)* A mYA)|<C Vje{0,1,...,x},
1€R*
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for some integer x no less than /2 + 1 and some o in (0, u). Then m(Z)
extends to an operator of strong type (p,q) if |l < p < q < o and a =
1/p—1/q, and to an operator of weak type (1,r) if 1 <r<oo and a=1-1/r.

Proof. Tt is obvious that if m satisfies the condition of the corollary, then it
satisfies a Hormander condition of order (a, x), so the result follows from
Corollary 2.5. O

3. ULTRACONTRACTIVITY AND MAXIMAL OPERATORS

In this section, we deal with semigroups (7;);o satisfying an estimate of the
form

ITiflloo < AL#||f|l1 VtERY,Vf € L'(M)

for some positive u. We call such semigroups p-ultracontractive.

It is probably worth pointing out explicitly that Varopoulos (and some other
authors) use u/2 rather than u. This is because the index which appears when
one studies the heat equation on a Euclidean space R is d/2. However, if one
considers the Poisson semigroup on the same space, then the appropriate index
is d, and this example indicates that there is no ideal notation. We prefer our
notation as it leads to cleaner formulae.

Let m be a Borel measurable function on R*; recall that, for every nonneg-
ative real number 7, we have defined the Mellin t-transform .#;m of m by
the rule

[#m](u) = /Ooo }f‘"“m(/l)%é VueR,

whenever the integral on the right is absolutely convergent. If .#,m is integrable
with respect to the Lebesgue measure on the real line, the following inversion
formula holds:

m(A) = (2n)~! /oo [#m)(u)A™““du VAeR*.

Recall also that we have defined the maximal operator m, ,(¥) as follows:
M. o(Z)f = sup|t*m(t€)f],
>0

where o denotes a nonnegative real number. It is not a priori clear that
m. o(Z) is a well-defined operator. In the next proposition we shall show that
this is indeed the case, at least for a large class of functions 7. Boundedness
results for the maximal operator m, o(¥) were obtained by the first-named
author [3]. Consequently, we shall deal with the case where a > 0 only. The
proof of Theorem 3.1 follows closely the spirit of the proof of Theorem 6 in

[3].

Theorem 3.1. Let & be the generator of a p-ultracontractive symmetric contrac-
tion semigroup, so that £~ is of weak type (1, r) and of strong type (p, q),
when 1<p<qg<oo, 1<r<oo,and 1-1/r=1/p-1/g=a/u.If m isa
Borel measurable function on R* whose Mellin a-transform #,m satisfies the
estimate

/ L)) 171 00 dt < 00,

—00
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then the maximal operator m, (%) is of weak type (1, r). Similarly, if

/ LMam](0)| 1€ ] gt < o0,

—00
then m, (%) is of strong type (p, q).

Proof. We prove only the weak type result. The other is very similar.
By spectral theory and the Mellin inversion formula we have, at least for-
mally, that

m(t)f = 2™ [ " m) W)ty f du.

Therefore

em@) 1< a7 L tamia] (57 du,
whence -

e @) < Q0 [ Lm0 du
and ”

[ ol&) e < 5 [ A2

1 lu a
<2—(/ LAm]] 18515700 u) Tl

= C|If1h.

It is not hard to justify the formal steps above. Since C is finite, the integral
| tamli# e f1du

converges as a Bochner integral in the Banach space L">*°(M) as long as the
map u — Z%~ef is measurable. Now, the map u — Z*(£°f) is strong op-
erator topology continuous on L?(M) forall p in (1, oo), henceon L™ *°(M).
Thus, the function u — Z'*(£~*f) is measurable and

/ " M) (12)H(F f) du

converges as a L™ *°(M)-valued integral and the function of ¢ thus obtained
is continuous. Finally, m. ,(¥)f makes sense in the Banach lattice L™ *°(M)
by the continuity of the function ¢+~ t*m(t%)f. This concludes the proof of
the proposition. O

We now discuss some consequences of Theorem 3.1.
Let a¥)(tA) and a®)(t&) be the analytic families of functions and corre-
sponding operators defined, for all 6 in I', by the rules

1
@) (t1) = %/0 (1 —s5)°Vexp(—stA)ds VAeR"

and
1

a2 f = /1(1 — 51Ty fds YfeLP(M).

I'(d) Jo
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For every fixed positive ¢ the family (a®)(t£))ges>o admits an analytic con-
tinuation to the whole complex plane (see Stein [13, p. 77]). In particular
a®(t¥) = T, and, for every positive integer k, a=%(t&) = tkd* /di*T,. As
an application of Theorem 3.1, we now investigate the behaviour of the maximal
operators aﬁ‘f’a(? ) defined by the rule
a8 f = sup a9 (t2) f].
>

The case where a = 0 was treated in Theorem 6 of Cowling [3], so we assume
that o # 0. An easy calculation shows that if Red >0 and 0 < Rea < 1, the
Mellin a-transform of the function a'®) is given by
I'll —a+iw)'(a-iu)

I'6+1-a+iu)
Notice that by the asymptotics for the I'-function, the integral

o0
| 1tanatig i, du

—00

[(Aa D) (u) = Yu € R.

is convergent for all p in (1, o), provided that a # 1 or a=1 and 6 =0.

Corollary 3.2. Assume that & is the generator of a u-ultracontractive symmetric
contraction semigroup. Then if 0 < a <1 and 6 isin C, the maximal operator
a,(f,)a(? ) is of strong type (p,q) forall p,q such that 1 < p < q < oo and
1/p—1/q =a/u, and it is of weak type (1,r) when 1 <r<oo and 1 -1/r=
afu.
Proof. Immediate from Theorem 3.1 and the above computations. O

It is possible to formulate a more general version of this result; we do so,
although we do not know any immediate applications. A further generalization

replaces ¢(7)? with h(f) and w(A)~# with k(A), for other functions 4 and
k . The proof is almost the same as that of Theorem 3.1, and we omit it.

Theorem 3.3. Let (¢, w) be a regularly related pair of functions, and let & be
the generator of a ¢-ultracontractive symmetric contraction semigroup. Given a
Borel measurable function m on R* and a subinterval 9 of R*, define the
function m;, by the rule
my(t, A) = d()Pw(A)fm(12) VteT ,VieR

If 1<r<ooand B=1-1/r, and
[ sl my)e I (@) A G, oo e < 0,

oo lE

then the maximal operator

(3.1) [+ sup|§(0)’ m(1%) f|

e
is of weak type (1, r). Similarly, if 1 <p<qg<oo and B=1/p-1/q, and

| sl myle, |1y (E) A @)l du < oo,

—0o0

then the maximal operator (3.1) is of strong type (p, q).
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Other mixed norm estimates can be obtained by the methods developed in
the present section: details and applications will be given elsewhere.

4. FURTHER GENERALIZATIONS

The aim of this section is to present some extensions of the theory developed
in the first three, and a few comments. To motivate the generalizations, let
us observe that there are many “natural” ultracontractive semigroups for which
|||Tt|||1_;loo behaves polynomially for small ¢ but not for large ¢. For example,
heat diffusion on a compact manifold or on a hyperbolic manifold both give
rise to semigroups such that, if ¢(¢)~' = |||Tt||l1. for all ¢ in R*, then ¢
cannot be one of a regularly related pair of functions. One family of extensions
arises from the remark after the enunciation of Theorem 1.2.

Given positive numbers o and ¢ we consider the “Bessel potentials”
(¢ + £)~. Notice that

- __ l ooa—t:t ﬂ
(6+%) "_r(a)/o e,

It is intuitively obvious that the behaviour of (¢ + &)~ is related to the be-
haviour of 7; for small values of ¢, and the rest of our paper illustrates this.
The following result was also observed by Davies [5, Corollary 2.4.3].

Theorem 4.1. Fix p in RY. For a symmetric contraction semigroup, the follow-
ing conditions are equivalent.

(a)
(4.1) ITiflloo < ALH||fl Ve €(0,1],Yf € L'(M);
(b)forall r,a and € suchthat 1 <r<oo, a=pu(l-1/r),and 0 <ée < oo,
e +&)fllr,o0 < Crellfllh VS € L' (M);

(c)forall p,q,a and € suchthat 1 <p<q<oo, a=pu(l/p-1/q), and
0<ée<oo,

e +Z)*fllg < Cp,q.ell fllp VS €L(M);
(d) there exist p,q,a and € such that 1 <p<g<oo, a=u(l/p-1/q),
0<ée<oo,and
Ie+&)fllg < Clifll, VfeLr(M);

(e) there exist p,q,a and € suchthat 1 <p<qg<oo, a=u(l/p-1/q),
0<ée< oo, and

(e +&) ™ fllg,00 < C'lfNlp V.S € LP(M).
Proof. In view of the fact that (¢ + %) generates the symmetric contraction
semigroup (e~%T;);»o, to which Theorem 1.2 applies, with ¢(¢) = ¢# for all ¢
in Rt this is already proved. O

Note that if any of the equivalent condition of the above theorem is satisfied,
and i’ > u,then ||T;f]loo < At™#||f|l; forall ¢ in (0, 1] and all f in L'(M).
It follows that (b) holds if a > u(1 — 1/r) and (c) holds if a > u(1/p —1/q).
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It should be quite obvious by now that multiplier results and maximal theo-
rems for u-ultracontractive operators can be extended to semigroups satisfying
(4.1). We give two more such results without proofs. It will not be hard for the
interested reader to supply them by adapting the proofs and ideas above.

Here is a version of Corollary 2.4, and an extension of Theorem 3.1. We
retain the notation therein.

Corollary 4.2. Fix u in Rt. Assume that (T,);~¢ is a symmetric contraction
semigroup satisfying the estimate (4.1), that m extends to an analytic function
mg, in the cone Iy, and that

sup |(1 + 4)*mg,(4)] < oo
A€r,

for some o such that 0 < o < u. Then m(%) extends to a bounded operator
from LP(M) to LY(M), provided that 1 < p < q < oo, d([p, 4q],2) < w/zm
and 1/p — 1/q < a/u, and to an operator of weak type (1,r) if 1 <r < oo,
d(l,r],2)<w/m and 1 - 1/r<a/u.

Theorem 4.3. Fix u in R*. Let & be the generator of a symmetric contraction
semigroup satisfying condition (4.1). Given a Borel measurable function m on
R*, define the function m! by the rule

mh(t, ) =t*(1+A)*m(td), Vte(0,1],VAieR"

whenever 0 <a<pu. If l<r<oo, 1 =1/r=a/u, and
[ sup IO, w1+ Z) s, on i < 0,
—o0 0<t<1

then the maximal operator

(4.2) [ sup [t*m(tZ) f]

0<t<1

is of weak type (1, r). Similarly, if

o0

[ sup A miXe, w18 + )l du < oo,
—o0 0<t<1

and 1 <p<qg<oo and 1/p—1/q =a/u, then the maximal operator (4.2) is

of strong type (p, q).

We conclude by observing that the following “parabolic Harnack inequality”
holds. This result should be compared with Theorem M of Varopoulos [15].
Note that we do not make any positivity assumption on the semigroup (7;);so
or “regularity assumptions” like those of Varopoulos [16].

Proposition 4.4. Assume that (T;)»o is a ¢-ultracontractive symmetric contrac-
tion semigroup, and that f isin L*(M). Define u: M x Rt — C by the rule
u(-, t) = T,f(-) for every positive t. Then

1 1/2
IIu(-,l)llwscﬂ(/ /lu(x,t)|2dxdt) )
1/2JIM
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Proof. Notice that for ¢ in (0, 1),

lu(-, DI, —2/ lu(-, DI, dt = 2/ 1T 1% dt<2/ o) I Tof B dt

<2¢(1/2~1/ /|T, X)Pdxdt.

The first of the above inequalities is an immediate consequence of the contrac-
tivity of 7; on L*°(M) and the second follows from Theorem 1.2. O
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